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Abstract 

We consider a class of nonlinear Schrodinger equation in four and five space dimensions with 
an attractive potential. The nonlinearity is local but rather general encompassing for the first time 
both subcritical and supercritical (in L^) nonlinearities. We show that the center manifold formed 
by localized in space periodic in time solutions (bound states) is an attractor for all solutions 
with a small initial data. The proof hinges on dispersive estimates that we obtain for the time 
dependent, Hamiltonian, linearized dynamics around a one parameter family of bound states that 
"shadows" the nonlinear evolution of the system. The methods we employ are an extension to 
higher dimensions, hence different linear dispersive behavior, and to rougher nonlinearities of our 
previous results [101 1111 [7]. 



1 Introduction 

In this paper we study the long time behavior of sohitions of the nonlinear Schrodinger equation (NLS) 
with potential in four and five space dimensions (4-d and 5-d): 

idtu{t,x) = [-A^ + V{x)]u + g{u), < e M, x e R^, iV = 4, 5 (1.1) 
u{0,x)^uo{x) (1.2) 

where the local nonlinearity is constructed from the real valued, odd, function g : R i-^ R which is 
twice diflerentiable except maybe at zero and satisfies: 

5(0) = 0, 5'(0) = 0, \g"{s)\<Ci\.sr-' + \sr--'), for 5 7^0, (1.3) 

with 

2 - iV + JN'^ + 12N + 4 4 
uv 7 2N N - 2 ^ ' 

g is then extended to a complex function via the gauge symmetry: 

g{e^'z) = e^'g{z), g{z) ^W)- (1-5) 

Note that g is not necessarily twice differentiable at 0, e.g. g{z) — \z\iz. 

We are going to show that the manifold of periodic solutions of p.ip (center manifold) is a global 

attractor for all small initial data. More precisely, for uq G H n i°2+i with sufficiently small norm 
the solution of (|l.ip - (|1.2p can be decomposed as follows: 



u{t,x)^e''"-'^4'Eit)ix)+r{t,x) 
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where for each fixed time ii e M, E = E{ti), we have that UE{t,x) — e ^^^iPe{x) is a periodic solution 
of 11111) and, as \t\ -> oo, r{t) e H^{M.^) converges strongly to zero in iP(M^), 2 <p < 2N/{N - 2), 
spaces and weakly in H^{R^), see Section |3] for more details. We can also show that the full dynamics 
converges to a certain periodic solution, i.e. ipE{t) ~^ ''Pe±^ , for i — > ±oo, provided we restrict the range 
of nonlincarities to the supercritical regime ai > 4/7V, see CoroUarv 13.21 In this case we generalize the 
results in J21 US] • 

Moreover, for the remaining range aQ^N) < ai ^ 4/iV, we could show a type of asymptotic stability 
for periodic solutions (bound states) of In other words, if e~*^*-0£;(a;), ipE ^ is a (small) periodic 

solution of (jl.ip then there exists e > depending on such that for all initial data uq G H HL^^+i 
satisfying 

inf ||uo - e^Visll =2+2 < e(V'£;) 

Q<e<2TT ffif^]^-s:p^ 

the solution of p.ip - ()1.2p converges to a periodic solution (close to e^^^*ipE{x)) strongly in LP,2 < 
p < 2N/{N — 2), spaces and weakly in H^, ast ±00. The proof of this result is left for another paper 

because it involves a different decomposition of the dynamics and a more delicate way to obtain 
the linear estimates similar to the ones in Section 3] It has the advantage that it can be generalized 
to large periodic solutions and the disadvantage that it only describes the evolution of initial data in a 
conic like neighborhood (since e depends ontpE) of the set of periodic solutions (center manifold) with 
the zero solution removed. In fact the choice of e is such that the solution stays away from zero, the 
point where the center manifold fails to be smooth. Since the dynamics only sees the smooth 
part of the center manifold a better decomposition of the dynamics can be employed, see [3 [TT], and 
convergence to a periodic solution follows. 

The main contribution of our paper is to describe the long time evolution of all small initial data for 
rather general nonlincarities including for the first time the subcritical ones ai < 4:/N, see Section [3l 
We accomplish this by using a time-dependent projection of the solution of (ll.ip - ()1.2p onto the center 
manifold of periodic solutions described in Section [5] and l|3.3p . We first prove dispersive estimates 
for the propagator of the linearized equation at the time-dependent projection, see Section H) We 
then estimate the error between the actual solution and its projection onto the center manifold via a 
Duhamel principle with respect to the linearized operator at the projection and a fixed point argument 
for the resulting integral equation, see p.Sp . Since the operator on its right hand side contains no 
linear terms in the error, we are able to show that it is contractive in appropriately chosen Banach 
spaces for a large spectrum of nonlinearities g. This is in contrast with the approach in [151 119j where 
linear and nonlinear terms had to be estimated at the same time, the linear ones requiring the use 
of weighted (localized) estimates which applied to the non-localized, nonlinear terms forced the 
assumption ai > A/N. In the current approach, as in our previous 3D and 2D results, see [Tj ITOl [TT|. 
we completely separate estimates for nonlinear terms from the ones for linear terms and use methods 
tailored for each of them. 

The most difficult part is to obtain dispersive estimates for the propagator of the time-dependent 
linearized operator at the projections onto the center manifold, see Section |4l While estimates for the 
Schrodinger group of operators: 

||e-^(-^+^(^»*PclLp'^iP ^ ^^|^|_Ar(i_i)^ ^^p, + 1/p = 1, 2 < p < (X3 (1.6) 

are well known, see [1] and references therein, they are almost non-existent when the potential V 
depends on time V = V{t,x). This is to be expected since the time-dependence of V is the quantum 
mechanical analog of the parametric forcing in ordinary differential equations and, in principle, can 
lead to very different behavior compared to the time- independent case, see [501 HI HI HH 121 13] • However, 
in the absence of resonant phenomena one might expect similarities between the two dynamics. Indeed, 
this is the case in |16| which cannot be generalized to our situation mostly because of the complex- 
valued potential, see (|3.7p and (|2.4p . To overcome this issues we use smallness and localization of the 
time dependent terms (j4.6l) - (|4.7p to first obtain dispersive estimates in weighted (localized) norms, see 
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Theorem 14.11 Then in Theorem 14.21 we rely on the integrability in time of the group of operators 
generated by the nearby time independent operator —i{—A + V{x)), see (|1.6p with p > 2N/{N ~ 2) 
and i ^ 1, to remove the weights and obtain dispersive estimates in non-locahzed norms. But the 
integrabihty in time for t ^ 1 comes at the cost of a non-integrable singularity at t = which we remove 
by using cancelations in highly oscillatory integrals. The method is similar to the one we employed in 
[J , see also [ini [H] for an alternate way of dealing with the singularity. 

In a nutshell the results in this paper rely on shadowing the actual solution of (|l.ip - (|1.2p via a curve 
on the central manifold of periodic solutions for (jl.ip . Essential in showing that the distance between 
the solution and its shadow goes to zero are the new, apriori, dispersive estimates for the propagator of 
the linearized equation along the shadowing curve. In this regard the paper is an extension to higher 
dimensions, hence different linear dispersive behavior, and to rougher nonlinearities of our previous 
results in two respectively three space dimensions [ini [HI E] ■ 

Notations: H = -A + V; 

LP = {f : ^ C \ f measurable and 4„ \f{x)\Pdx < oo}, \\f\\p = |/(a;)|?'dx) denotes 
the standard norm in these spaces; 

< X >~ (1 + |a;p)^/^, and for € R, denotes the space with weight < x >^°", i.e. the space 
of functions f{x) such that < x f{x) are square integrable endowed with the norm ||/(a;)||L2 = || < 
x>^f{x)h; 

if J 9) — /kn f{x)g{x)dx is the scalar product in where z = the complex conjugate of the complex 
number z; 

Pc is the projection on the continuous spectrum of H m L^; 

u denotes the Fourier transform of the temperate distribution u; 

i?*, s G M denote the Sobolev spaces of temperate distributions u such that (1 + lCP)^^^w(^) G 
L (M ) with norm ||ti||/fs — 

\\{l + \£,\y^u{C)\\L^- Note that for s — n & natural number, this spaces 
coincide with the space of measurable functions having all distributional partial derivatives up to order 
n in L"^. 

2 The Center Manifold 

The center manifold is formed by the collection of periodic solutions for (jl.ip : 

UE[t,x) = e-''''i^E{x) (2.1) 

where i? e M and ^ t/i^ G iJ^(IR^) satisfy the time independent equation: 

[~A + V]i:E+ gill's) = E^I;e (2.2) 

Clearly the function constantly equal to zero is a solution of (|2.2p but (iii) in the following hypotheses 
on the potential V allows for a bifurcation with a nontrivial, one parameter family of solutions: 

(HI) Assume that 

(i) V{x) sutisfies the following properties: 

1. <x>P V{x) : H'l H'l, for some p > TV + 4 and 77 > 0; 

2. W G LP(R^) for some 2 p ^ cx) and \W{x)\ ^ as \x\ 00; 

3. the Fourier transform of V is in L^. 

(ii) is a regular poin10 of the spectrum of the linear operator H = — A + V acting on L^. 

isee [m Definition 7] or = {0} in relation (3.1) in [TH] 
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(iii) H acting on has exactly one negative eigenvalue Eq < with corresponding normalized 
eigenvector tAq- It is well known that is exponentially decaying as |x| oo, and can be 

chosen strictly positive. 

Conditions (i) and (ii) guarantee the applicability of dispersive estimates in [T3] and [1] to the Schrodinger 
group e"'^*Pc- Condition (i)2. implies certain regularity of the nonlinear bound states while (i)3. al- 
lows us to use commutator type inequalities, see (|4.14l) and [3 Theorem 5.2]. All these are needed 
to obtain estimates for the semigroup of operators generated by our time dependent linearization, see 
Theorems 14.11 and 14.21 in section |4l In particular (i)l. implies the local well posedness in of the 
initial value problem (|l.ip - (|1.2p . see section [31 

By the standard bifurcation argument in Banach spaces [2] for (|2.2p aX E = Eq, condition (iii) 
guarantees existence of nontrivial solutions. Moreover, these solutions can be organized as a manifold 
(center manifold): 

Proposition 2.1 There exist S > 0, the function 

h:{aeC : \a\ < 5} ^ n LI, ct e M 

and the function E : [—(^,(5] i-^ K such that for \E — Eq\ < 6 and |('0OiV'e)I ^ IIV'E ~ 
(V'Oi V'E)'0o||if2 < 6 the eigenvalue problem H2. 2(1 has a unique non-zero solution up to multiplication 
with e*^, € [0, 27r), which can he represented as a center manifold: 

tPe ^ aipo + h{a), E = E{\a\), {ipo , h{a)) ^ Q , h{e''^ a) = e^" h{a) , lov \a\ < 5 . (2.3) 

See [ini section 2] for details. 

Remark 2.1 By regularity methods, see for example [Jj Theorem 8.1.1], one can show iJje ^ H 
ly^'P, 2 ^ p < cxD. Hence by Sobolev imheddings both ipE cind WtPe continuous and converge to 
zero as \x\ ~> oo. Moreover comparison techniques for elliptic equations, see |^ Section 5.2], imply 
exponential decay, i.e. for each < ^ < —E there exists a constant Ca > such that: 

|ie^l"IV'£(x)||Loe < CaUe{x)\\l^ < oo, and ||e^l"l VV'£(x)||loo < CA\\V^Eix)\\L^ < oo. 

Remark 2.2 By variational methods, see for example \17l , one can show that the real valued solutions 
of ()2.2|1 do not change sign. Then Harnack inequality for C (M.^ ) solutions of ()2.2|) implies that 

these real solution cannot take the zero value. Hence ijjE given by p.3p for a € M is either strictly 
positive or strictly negative. 

In section |4] we also need some smoothness for the effective (linear) potential induced by the non- 
linearity which for the real valued bound states is: 

Dg\^Ju + tv]^g'{^PE)u + i^^^v, i^E > (2.4) 

while for an arbitrary bound state ipE — e^^V'Bj '4'e > we have via the rotational symmetry of g, see 
(fT3D . 

Dg\^J(3]^e^<'DgU,Ae-^0(3]. (2.5) 

(H2) Assume that for the positive solution of ([221) we have g^i^ps), e ^^(R^) where / stands 

for the Fourier transform of the function /. 

In concrete cases the hypothesis may be checked directly using the regularity of tpE, the solution of an 
uniform elliptic e- value problem. In general we can prove the following result: 
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Proposition 2.2 // the following holds: 

(H2') g restricted to reals has four derivatives except at zero and 



\g^"'\s)\<C 



1 



1 



nm — 1 — ai 



c77l— 1 — Q2 



, for TO = 3, 4, and s > 0. 



Then for the positive solution of 
Proof: 

II9'(V'e)IIli = 3" 



ijE, we have g^(Jhs) e and 3^ e 



< 



,JI {i + \e)^9'{y^E)\\L^ 



So it suffices to show that g'iipE) &-H^ and e i/^. We have: 



Vg'iiJE)^g"ii^E)V^E 

Ag'i^Ps) = 9"'{^E)mEf + g"{^E)^^E 

= g"'{^E)\V^E? + 9"{^Je)[{V - E)^E + gii'E)] 



and, using (|1.3p . 



l5'(^£)l<C'(|V'£r^ + |V'i=;r^) 
1 



1 



1 



1 



2-Qi 

1 



2-Q2 



) + Cd^^r^ + |V£r^)(|F| + \E\) + C(|^i,|^"^ + I^eI^"^) 



3-Ql 



— ) + 2C|v^B|(|y| + |i?|)( 



|3-Q2 



1 — ai 



1 — £12 



+ c\vv\{\M''' + iv^r^) + 2qvvB|(|V'j 

Similarly we get the estimates for as foUows: 



|2ai-l 



1 



|A 



g('0i;) 



I <qv^Bp( 



1 — ai 

1 



\i^E 



2-Qi 



3— ai 



C|VF|(|^i 



1 



) 



1 
1 



1 1 



2C\^i;E\{\V\ + \E\){ 



\i^E 



1 — Ct2 



\^Er') + 2c\yiPEmE 



|2qi-1 



Now, we will use the following bounds for ijjE and VipE, see [II Section 5.2]. For any < A < —E < 
A2 and any < < —E there exist the constants Ca, Cai, Ca2 > such that: 



CA2e"^l''l < ipEix) < Cac^^I^I, for aU x e 
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iVV'fila;)! < CaiE-^I^I, for all x e M^. 



Choosing Ai and ^2 such that (3 - ai)y/M < we obtain g'{ipE) € and ^^^^ e i/'''. The 



proposition is now completely proven. □ 

3 Main Results 

Theorem 3.1 Assume that the nonlinear term in (|l.ip satisfies (|1.3p . p.4p ()1.5p . /n addition 
assume that hypotheses (HI) and either (H2) or (H2') hold. Then there exists an So such that for all 
initial conditions uq(x) satisfying 

niax{||uo|| p' , ||wo||//i} < eo, p2 = 2 + a2, ^ + — ^1 
^ P2 P2 

the initial value problem lil.l]) - nT^) is globally well-posed in and the solution converges to the center 
manifold. 

More precisely, there exist a function a : M i— )■ C such that, for a/H G R we have: 

u{t, x) = a{t)'iJjo{x) + h{a{t)) +r{t, x) (3.1) 
. 

■4>E(t) 

where ipE{t) on the central manifold (i.e it is a ground state) , see Provosition \2.1\ Moreover, for all 
i G M r{t,x) satisfies the following decay estimates: 

\\r{t)\\L'^ < Co(ai,a2)£o 

\\r{t)\\LPi < Ci{ai,a2) tt-j — rr, Pi = 2 + ai 

il + \t\r^^'^^ 

and, for p2 — 2 + 0.2 '■ 
(i) ifai^^ orp2 < 2+N^Na, ^^^^ II»"WIUp2 < C2(ai,a2) mi>-J^) 

(l+|t|) ' P2' 

(a) if ai < andp2 = 2+N-Na, < C2(ai,a2)eo — ^°g(^+|*j)_^ 

(l+|t|) 2 P2' 

(Hi) if ai < jr andp2 > 2+n~n». ^^^'^ < C2(ai,a2) Ts^rrr 

^ Jvai (l+|t|)^ ' 

where the constants Cq , Ci and C2 are independent of Eq . 

Before proving the theorem let us note that (|3.ip decomposes the evolution of the solution of (|l.ip - 
(II. 2p into an evolution on the center manifold ')/'£;(«) and the "distance" from the center manifold r{t). 
The estimates on the latter show collapse of solution onto the center manifold. A more precise decay of 
the 'radiative" part, r(t), in different spaces is given in the following Corollary. It shows same decay 
as the solution of the free Schrodinger equation up to the threshold p = 2+M-Nai '^^lere it saturates: 

Corollary 3.1 Consider 2 < p < -j^^, and 1/p' + 1/p = 1. Under the hypotheses of Theorem \3.1l 

assuming also Uq € , we have the following decay estimates: 
ifai >4:/N then 

II ^+Mi ^ g(p)max{||Mo||^p/,£o} 2N 

+ ' forall2<p<j;^, 
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othe 



IkWIUf < , , if Pi < p < 



.,^ll . C(p)log(2+|t|)max{||^o||^,^£o} 2iV 



,,^ll . C(p)max^WLpS£o} 2jV 2iV 



(l + |t|)^-i '2 + N-Nai " iV-2 

The dynamics on the center manifold is determined by equation l|3.4p below. In supercritical regimes 
ai > 4/iV we can actually show that it converges to a certain periodic orbit: 

Corollary 3.2 Under the hypotheses of Theorem \3.1[ assuming also a2 ^ cti > 4:/N and uq G (R^) 
for some I ^ p' < 2N/(N + 2), we have in addition to the conclusion of Theorem \3.1\ that there exists 
a±oo G M such that limt_^±oo \a{t)\ = a±oo- Moreover, if we denote by e~**^±°°-0£;^^ (x) the periodic 
solutions of p.ip corresponding to the parameters a±oo on the center manifold: 

see Provosition \2. 1[ then there exists a function : M i— > M such that: 

hm Us^t) - e-^*(^±-+«(*»Vi;±^ Wh-hl- = 0, lim e{t) = 0, 

*— tiboo " |t|— ►oo 

where i^Eit) the component on the central manifold of the actual solution of (ll.ip - (ll.2p . see (j3.ip . 

The corollary extends the results in [191 115| to nonlinearities in more general form than pure power and 
to initial data that are not necessarily localized, i.e. in L^(]R^), ct > iV. As we shall see in Remark 
I3.2l the supercriticallity restriction ai > 4/7V comes from the fact that the dispersive part r{t) appears 
linearly in the equation (|3.4p for the central manifold parameter a. Note that in [TTl [7] we use an 
improved decomposition of the type (|3.ip in which the equation on the central manifold corresponding 
to p.4p contains only quadratic and higher order terms in r(t). While this decomposition allows us to 
show convergence to a periodic solution even for subcritical regimes ai ^ 4/7V in dimensions A'^ = 2, 3, 
it requires the central manifold to be C^, i.e. ai ^ 1. However our central manifold is except at 
zero, so if the initial data is chosen in an appropriate manner such that the dynamics stays away from 
zero then Corollary 13 . 2 1 can be proven even in subcritical regimes, see [B]. 

Remark 3.1 In conclusion the approach in ^ would allow us to obtain Corollaru \3.Si for the 
critical regime ai = 1 in dimension TV = 4, but it would require the stronger hypothesis ai ^ I in 
dimension iV = 5. However for initial data in a conic like neighborhood of the manifold of non-zero 
periodic solutions of (jl.ip the conclusion of Corollarv \3.S\ is valid for all ao^N) < ai ^ a2 < 4/(iV— 2), 
see l^. 

We now proceed with the proofs: 

Proof of Theorem 13.11 It is well known that under hypothesis (IIl)(i) the initial value problem 
(l)-(2) is locally well posed in the energy space and its norm is conserved, see for example [1] 
Cor. 4.3.3 at p. 92]. Global well posedness follows via energy estimates from ||uo||_f/i small, see [U 
Remark 6.1.5 at p. 165]. 

In particular we can define 

a{t) ^ {ipo,u{t)), forteM 

Cauchy-Schwarz inequality implies 

|a(t)| < IIuWIIlHI'/'oIIl^ = II"o||l-^ <eo, for alH e R. (3.2) 



7 



Hence, if we choose ea < 6 we can define h{a{t)), i G M, sec Proposition 12.11 We then obtain p.ip 
wliere 

r{t)^u{t)-ait)^o-Ha{t)), a{t) = {i^a , u{t)) , (^o, r(i)> = 0. (3.3) 

The solution is now described by the scalar function a{t) e C and r{t) G C(M, H^)nC^{R, H^^). 
To obtain their equations we plug in (j3.ip into (|l.ip and project onto ipQ and its orthogonal complement: 

= E{}a{t)\)a{t) + (Vo,5(V'B(t) + K*)) " 9{'^E(t))) (3.4) 

* = Hr{t) + Pc[g{^E{t) + r{t)) - 9{ipE{t))] + iDh\a(^t)i{'>Po, 9{i^E{t) + r{t)) - <?(?/'£(*))) (3.5) 
where H = -A + V. 

g{-^E{t) + r{t)) - giiJEit)) = ^9ii^E{t) + er{t))\,^o +F2{i^E(t),r{t)) (3.6) 

V. ' 

where F2 contains only higher order corrections in r to the linear term £)(7|^g[r]. The linear part of 
(P31) is: 

dz 

'dt " ^^^^^ + PcDgli.^,,, [zit)] + iDhl(t)i{^o, W)]) (3.7) 

z{s) — V 

Define ri(t, s)v = z{t). Then using Duhamel's principle (13.51) becomes 

r{t)^n{t,0)r{Q)- f n{t,s)[P,iF2{tl;E(s),r{s)) - Dh\a,^,){i;o,iF2{Ms)^<s)Ws- (3.8) 
Jo 

In order to apply the linear estimates of Section [3] to n{t, s), we fix cr > N/2 and < q2 < 17341 
then we consider the £1(92) > given by Theorem 14. II and choose > in the hypotheses such that 

ll(a;)^"V'B(t)(a^)llL~(R") <ei' for aU t e R. (3.9) 

The latter is possible because E{t) = E{\a{t)\) and £' is a function from the compact interval [~5, 6] 
to the real numbers with E(0) = Eq < 0. So, there exists Eq such that -E(|a|) ^ Eo/2 < for all \a\ < Eq. 
(|3.9p now follows from the exponential decay estimates in Remark l2.1l and the observation |j^/'_E(t)||L°° < 
Ceo, for some constant C > 0. This is a consequence of Sobolev imbeddings and || V'£;(t) llff^ < Ceq which 
follows from ■0£;(t) = a(i)^o + h{a{t)), the norm ||V'o||j?2 is fixed, \a{t)\ < eq for all tGR, see p.2p . 
and /i is a function on the compact ball of radius S in complex plane to H^. Hence, there exists a 
constant C > such that < Ceq for all t € R, and, by regularity arguments, see for example 

[2 Theorem 8.1.1] we get the same estimate for the norm with a possible larger constant C. 
Consider now the nonlinear operator in ([37 



N{u){t) = / n{t,s)[P,iF2{^jE{s),u{s)) ~ Dh\ais){^o,iF2{i;Eis),u{s)))]ds 

JQ 

In order to apply a contraction mapping argument for p.Sp we use the following Banach spaces. Let 
pi — 2 + ai, p2 — 2 + a2, then 

Y, = {ueC (K, L^{R^) n LPi(M^) n LP'{R^)) : 

supil + \t\f^----^\\u{t)\\L.i <oo, sup-^— ^^-^||u(t)|Up. <(^, sup||u(t)|U2 <oo} 

tSR tSR [fog(2 + \t\)r' tGR 
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endowed with the norm 

= niax{sup(l + \t\)'^^^^n'>\\u\\LPi, sup ''!o^j^|L„,. II^I|£P2, sup||u||i2} 
tsR tern. [LOg[z + \t\)y"' teR 

for i = 1, 2, 3, where ni^2 ~ — — ^^-^ — 1, mi = 7713 = and 7712 = 1. 

Lemma 3.1 Consider the cases: 

and assume that (j3.9p /or so777e a > Then, for each case number i, N : Yi Yi is well 

defined, and locally Lipschitz, i.e. there exists Ci > 0, such that 

\\Nui - Nu^Wy^ < C,i\\ui\\Y, + \\u2\\y + WMy + + My + WMy)^! ' "2||y.. 



Note that the Lemma finishes the proof of Theorem 13.11 Indeed, ai and a2 determine in which case 
i = 1, 2, 3 we are. But in aU of them, if we denote: 

v = n{t,0)r{0), 

then: 

My < Col|r(0)||^,,^^, < Co(l + II^oII^pO ll^oll 

where Co = max{C2, Cp^}, see Theorem 14.21 We choose Eq in the hypotheses of theorem 13. 1[ such that 

R = 2||7;||y. satisfies 

Lip^2C^{R + R°'' +R°"') <l, 

where Ci is given by the above Lemma. In this case the integral operator given by the right hand side 
of the (EH): 

K{r) = v- N{r) 

leaves the closed ball B{0,R) = {z G Yi : \\z\\Yi < R} invariant and it is a contraction on it with 
Lipschitz constant Lip. Consequently the equation (|3.8p has a unique solution in B{0, R). In particular, 
r{t) satisfies the LP estimates claimed in the Theorem 13. II We now have two solutions of (|3.8p . one in 
C (M, ) from classical well posedness theory and one in C (R, n Lp^ n Lp^ ), Pi = 2 + ai, p2 = 2 + 02 
from the above argument. Using uniqueness and the continuous embedding of in L^ n LP^ n LP^, 
we infer that the solutions must coincide. Therefore, the time decaying estimates in the space Yi hold 
also for the solution. 

Proof of Lemma 13.11 Let us first consider the difference 

F2{-4'E,ui)-F2{ipE,U2) = gii/jE + ui) - g{il)E + U2) - Dg\^j^[ui] + Dg\^^[u2] 

(^DgiijjE + U2 + t{ui - U2))[ui - U2] - Dg{'ijjE)[ui ~ U2]jdT 
1 .1 

/ D'^g{lljE + S{U2 + t{ui - U2)))[U2 + t{ui — U2)][ui — U2]dsdT (3.10) 

/o Jo 

For a fixed (t,x) e M x K^, the inside integral is a line integral connecting zi — iPe{x) and Z2 — 
"^six) + U2{t, x) + T{ui{t, x) — U2{t, x)). Note that, from (|1.3p and (jl.ip . D^g{-) is integrablc along any 
segment in the complex plane. Using the equivariance under rotations (jl.5p we will reduce the line 
integral to a horizontal segment. First let us observe the behavior of Dg and D^g under rotation: 

Dgiz)[e^^P] = hm di^ + ^ di^^) ^ g{e-^' z + eP) - gje-^^ z) ^ ^,:.^^(^-..^)[^] 
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and 



D'g{e''z)[am = lim 

£^0 



. Dg{e^'^z + ea)[l3] - Dg{e'^ z) 



^. Dg{z + £e-^«a)[e^«/3] - Dg{z)[e''^ fi] 



e'" lim 



= e^'D'g{z)[e-^''a][e-^'P] 

From (HH) we have \D^giz)\ < C{\z\°'^-^ + \z\°'^^^). For Z2 7^ G C let Z2 - zi = \z2 - zi\e''^ . 
Then: 



|(D5(Z2)-C5(^i))[/3]| < 



D'^g{zi + s(z2 — zi))[z2 — zi][(3]ds 



< 



e'''D'g{e-"'zi + se-'%Z2 - z^))[e-"%Z2 - zi)][e-"' I3]ds 



< / a(|e-»^zi + s|z2-zi| r^-i + |e-^^zi + .s|z2-^i| r=-')k2-^i||/?M5 



Now for < a < 1 we have 

|e-'^l + S|Z2 - Zll \"-^\z2 - Zl\ds < / ISRZI + .S|Z2 - Zll r-l|z2 - Zllds < |Z2 - zil'', 

Jo 
while for a > 1, 

[ |e-*^zi + s|z2-zi| r-^ds< max le''" Zi + t\z2 - zi\ 1"-^ / Ids < max{|zi |"-\ 1^21"-^. 
Jo *e[0'il 7o 



Hence, depending on the powers ai and a2 we have 

|f2(V'E, "1) - F2{ijE,U2)\ < C[{\uir + W2D\U1 - ^2 1 + {^1^ + ^2^)^! - ^2 | 



(3.11) 



Ai A2 
+ \i:Er-H\ui\ + \U2\)\UI - U2\ + IM^'-Wuil + \U2\)\UI - U2\] 
A3 Ai 

where the A3 term appears only when 02 > 1 and the A4 term appears only when ai > 1. 
Now let us consider the difference Nui — Nu2 



{Nui - Nu2m ^ ~l / flit,s)P,[F2{^E,Ui) - F2i^PE,U2)]ds 



+ / n{t,s)Dh\a(s)H'^o,F2{':PE,ui) ~ F2ii^E,U2))ds (3.12) 
Jo 



• Estimate 



\\Nui~Nu2\\l^2 < / ||^^(^,S)|L,' ,,JPl|L,i +||A2|Lp^ +P3.4LpOo's 



ltl 



||f^(t, S)|U2_LP2 p/lU(,)|U2 (1(^0, Al)| + 1(^-0,^2)1 + 1(^0, A3,4)|)ds 



Bi 



B2 



S3,. 
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The term Ai satisfies via Holder inequality: 

X||wi - U2||ipi||wi - U2\\]^^^ 

where ^ = (1 + ai){^ + |-), ^ 6* < 1. Using Theorem g^l we get 
r|t| 



Jo 



< /-I*' C{P2) i\\u^\\^:+\\u2\\'i^:)\\u,-U2\\Y^ ^^ 

~ Jo \t-sr^-^^' 

C(p2)g3[l0g(2+|t|r- ,„ 

_^ |^|-^„^ (ll"l||y' + ll"2||y')||ui - U2\\y, 



< 



where the different decay rates depend on the case number in the hypotheses of this Lemma: 

2 ^ P2- 



1. corresponds to A^(^V^ + ~) > 1; ^'^d i^i this case 



C3=sup(l + |t|)^(^-AW d.<oo; 



tes. 



2. corresponds to N{^^^~ + — ) = 1, and in this case 



{l + \t\f^^'^'> fl*! 1 1 ^ 
C3 — sup — ; — — — -- — / — ; — rTT-, r-^ds < 00; 

iog(2+iii) Jo it-sr^^-^^'d+ki) 

3. corresponds to N{^^^~ + ^) < 1, and in this case 

, fl*! 1 1 
C3=sup(l + |t|) ^ / rfs<oo. 

To estimate the term containing A2, observe that via Holder inequality 

\\i\uir + \^2r )\ui - U2\\\^,;^ < {\\U,\\1% + \\u2rLU)\\ui - U2\\l^. 

since ^ — "'" . Again, using Theorem 14. 2[ we have 

\t\ 

II^(^'^)IIl-2^l.2 11^211^.^ (3.13) 



< 







C{p2) [log(2+|.|)](^+°-)-' „, 



^ C(p2)C4C5[l0g(2+|t|)]'»' ^„ 

< |^|^„, {\Wi\\y- + ll"2||y')||ui - U2\\y^ 

whprP r. - siir, (1 + 1*1)"' fl*! [log(2+l5l)]<^+°^''"'rfs • n -^ r^n^TT -> 1 

wtiere O5 - sup^ (2+|t|)]™i Jn ; ,«(! — , , < °° ^^ce [i + 02 jn, > i. 

As for the ^3,4 terms note that they only appear when a2 > 1 respectively ai > 1. To estimate 
them observe that 

;r'"' + l^£r'"')(|wi| + |u2|)|«l-U2||i^pi < mEr-' + \i^Er-'\\L4\\ui\\LP2 + \\u2\\LP2)\\ui-U2\\LP2 
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where 4 + — = 4-- By Theorem 14.21 we have for each case number i and ui, U2 £Yi : 

\t\ 

\m,^)\\L.',^LJ\^3A\\^.',ds (3.14) 

Where Ci = sup, || + HEl'-^-'h, and C2 = sup, jj^^jg^ J^'^ [iog(2+^)]-.rfs ^ ^ 

|t-s| ^ "2 (l + |s|)-"> 

since 2ni > 1 (for p2 = 0^2 + 2 > 3, and ai satisfying (|1.4p ). The uniform bounds in t e M for 
WMQ:--!,,, J = 1,2 foUow from (EH). 
For B terms we have: 

< IIV^oIIlpiPiII^,;, \B2\<\\M\lp2\\A2\\^,-, and < |K'o||lp2 |1 ^3,4!!^^^ • 

Note that 

\\i\uir + \u2r)\ui - ^2|||^.i < {WuiWll, + h2|l2^0ll"l - (3.15) 



since -A- = ■ Using Theorem 14. II we have 
Pi pi ° ' ' 



\t\ 

\Mt,s)\\Ll^LP2\\Dh\ai^,j\\L2\\'lPo\\LPi\\Ai\\^^'^ds 
^ /•'*' C(P2)C2H^0||lpi (hl||^^+||u2||g.^)||»l-»2|k 

-Jo 1^(^-3^) ■ (1 + |.|)^(^-5^)(i+-) ' 

(7(^2)^16*2 ,|| ||Q Q, ,|| I 

- : — r::wn — n"(ll"i|lY + \\u2\\y )\\ui - u2\\y, 



where we used 

n( 

.2 Pi. 

because pi = ai + 2 and ai satisfies (II. 4p . and the uniform estimates 



\\Dhl^,)\\L2<C2, foraUsGR, (3.16) 

which foUow from h being on a G C, \a\ < 6, with values in L^, see Proposition 12.11 and \a{s)\ < 
eo<S for all s G R, see (jX^ . 
Now 

»|t| 



/ ||f)(t,s)|U2^iP,||i:i;i|U2||?/>o||LP2||A2|| p^ds 

Jo 



is estimated as p.l3p . and 

n|t| 



\\fl{t, s)\\l2 LP2\\Dh\\L2\\ljjQ\\LP2\\A3A\\rp!, ds 



is estimated as p.l4p . 
• Estimate : 
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\\Nu,- Nu2\\LPi{t) < n{t,s)[F2{^E{s),ui{s))-F2{iJEis),U2is))]ds\\LPi 

Jo 

f\t\ 

The second integral is estimated as in the previous L^^ estimates on Bi, B2 and i?3_4 to obtain the 
required bound. For the first integral moving the norm inside the integration and applying L^i 1— *■ U'^ 
estimates for r2(i, s) and (13. lip for the nonlinear term would require the control of A2 and ^3^4 in U'^ . 
The latter, unfortunately, can no longer be interpolated between and L'p^ . To avoid this difficulty 
we separate and treat differently the part of the nonlinearity having an A2 and A3. 4 like behavior by 
decomposing in two disjoints measurable sets related to the inequality (|3.1ip : 

V^{s) = {xeR^I \F2{-^E{s.x),U2{s,x))-F2{-^E{s.x),u^{s,x))\^C{A2{s,x) + A^^i{s,x))}, 
V2{s) - K^\yi(s) 

On V2(s), using polar representation of complex numbers, we further split the nonlinear term into: 

F2{'iI^e{s,x),ui{s,x)) - F2{ikE{s,x),U2{s,x)) = e'^^'''-'^C{A2{s,x) + A:i^i{s,x)) 

+ e''^'^^\\F2{^:E{s,x),ui{s,x))-F2{^:E{s,x),U2{s,x))\-C{A2{s,x)+A^As,x))] 

V ' 

G(s,x) 

where, due to inequality p. lip . |G(s,a;)| ^ GAi{s,x) on V2{s). Then we have: 



^it, s)[F2(^£(s), - F2(V'£(s), U2{s))]ds = / s)(l - x{s))G{s)ds 

JQ 

+ [ n{t, s)[x{s){F2{^/je{s),ui{s)) - F2{^e{s), U2{s))) + (1 - x{s))e''^'^C{A2{s) + A3As))]ds, 



lit) 

where x(s) is the characteristic function of Vi(s). Now 

II fn{t,s){^^x{s))G{s)dsU.^ ^ r mt,s)\\^,,^^^^C\\A,{s)\\^,,ds 

JO Jo 

and estimates as in the previous step for Ai give the required decay, see p.lSp and the inequalities 
following it. For I{t) we use interpolation: 

wmwLP. < wmwi-^'wimu < wmwi-^' mt,s)\\^,,^^j\A2+A,A^,,ds^ 

where ^ = -^-^ + We know from previous step that the above integral decays as (1 + |<|) ^ 

and below we will show its norm will be bounded. Therefore, since 0N — ~ ^ (^k ~ pt) 
have: 

sup(l + |i|)^(^-^)||/(t)||^,^ <oo 
t 

and the L^'^ estimates are complete. 
• Estimate : 
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We will use bounds for ri(i, s), see Theorem 14. 2 [ to control the -Bi_4 terms. For the 

Ai_4 terms we avoid bounds because that would require us to control the 2^2(02+1) norm of 

functions in Yi which is impossible since it can no longer be interpolated between the norms in and 
P2 = 0:2 + 2. Instead we use the decomposition: 

n(t, s) = e'*^(*-^)Pe + f{t, s) + {T(t, s) - f{t, s)) 

where for t > s 

/min{t,s+l} 

(•minlt.s+l} 



e 



/•minit-s-f-ij- 

J S 



while for t < 



/max{i,s— 1} 

rmax.{t.s~l} 

^ e-«ff(t-^)p^ / ^ e"^''-''^Pcgu{T)e''"'^-'-'^PcdT 

J S 

For e-*^(*-")Pc and f{t,s) we will use Stricharz estimates, while for T{t, s) — T{t, s) we will use 
LP estimates, see Theorem 14.21 All in all we have: 



r\t\ 

Nui~Nu2\\l-< / mt,s)\\L2^L4Dh\\L2{\Bi\ + \B2\ + \B3^4\)ds 

Jo 
r\t\ 

+ / \\T{t,s)-T{t,s)\\^,,^^^,C\\Ai\\^,,^ds 



r\t\ 

+ I ||T(i,s)-r(i,s)||^,,^^,C(||A2||^,. +11^3.411^.0^^ 





+ 11 / e-'^(*-^)p,Ai(s)ds|U2 + || / e-'^(*-^)p,(A2(,s)+A3,4(s))ds|U2 

+ 11 / f{t,s)Aids\\L2 + \\ f f{t,s)iA2+A3^i)ds\\L2 
JQ Jo 

First three integrals are estimated similar to the previous cases. We deduce that this integrals are 
uniformly bounded by: 

C.dluill^; + \\U2\\^1 + lluill^;^ + \\u2\\'i?)\\u, - U2\\y^ 

For the fourth integral wc use Stricharz estimate: 



sup I 

tSR Jo 



e-'^^(*-^)p,Aids|U. < C,( JjA,{s)f^^,ds) '''^ 
where ^ + — = 1, and — — N ( ^ — —] . Furthermore we have 

< Ci3Cio(||ui||y; + \\u2\\yI)\\ui - (3.17) 
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where Cio = 



— — ^^^^j^^ds < oo since 7V(1 + a^Tl - ^) > 1 

(l+|s|) 1 ^ PI 



Similarly, for the fifth integral: 

sup||^*e-^^(*-^)p,(A2+A3,4)ds|U. < Cs (^JjA2{s)\\f^,dsY' + (^j^ ||A3,4(s)||];i,ds 

where ^ + — = 1, and — = N ( ^ — —] . Using again the estimates we obtained before for Ao and 
74,1.4 we get: 



(l0g(2+ |s|))2">T2rfs 



(1 + |s|)2".T^ 



Ml y. + "2 yJ "1 - "2 K 



< CiiCsdjuillYi + ||u2||yj||wi - U2\\Yi 

where Cg = L ('°g(2+kl))^'"';^'^« < since 2n,7' > 1 and: 



(3.18) 



I A, 



l:2lp2 



(log(2 + |s|))(i+"^)"''''2dsn^ 



(1 + |s|)(i+"2K7^ 

<C9(hi||^^+||u2||?-^)||^il-«2|| 



"^^'Ilil||y^+||^i2||y0hl-^2|| 



(3.19) 



(log(2+|a|))'^ + °2)"'iT^ri3 
(l+|s|)(l + °2)"iT^ 

Now for the last two integrals consider 



where Cg = ^'°'^|^;^|'^|'J(i+.~)l.'Tr'" < °° ^ince (1 + 02)7117^ > 1. 



A,(t) = II / T{t,s)A,{s)ds\\L2, i = lA 
Jo 

Fix t > and i G 1,4. The case i < is treated analogously. We have 



A,{t) < sup {v, I T{t,s)A,{s)ds) 

ll^'ll r2=l 



< sup 

||{)|| 2=1 "'0 



min{t,s4-l} 



s*^(--^)p,5„(T)e-^^(^-'^)PcA,(s)dr) 



< sup / ||e'^(*-^)p,z)|Up 

||l'|lt2=l "'0 



iniii{t,s+l} 



< sup 

||f)l|.2=l"'0 



||e'^(*-^)p,^|Up C sup ||g„(r)|Ui||A,||^,,ds 

re[s,s+l] 



where we used the Fourier multiplier type estimate ||e'*''^^'^~''^Pe~'^^'^~'*^ ||lp^lp < C||P||li for all 
1 < p < 00 and |t — s| < 1; see Appendix in [7, Theorem 5.2]. Note that by Stricharz estimates there 
exist a fixed constant C > such that for all v ^ : 

and using (I3.17p . (|3.18|) and (13. 19^ for || Ai||^.^|^p^ we get that Ai{t) are bounded uniformly for t £R. 
The estimates are now complete and the proofs of Lemma [3. II and Theorem 13. II are finished. □ 
To obtain Corollary 13. II in the case (i), i.e. 

4 „ 2iV 
ai ^ — , or p^^ — a^^ + 2 < 
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we use Riesz-Thorin interpolation for 2 < p < p2 while for p > p2 we return to the integral form of the 
equation for r{t) : 

r{t) = n{t,0)r{0) - f n{t,s)Pc[tF2{i^E,r) - Dh\ais){^o,iF2{^E.r))]ds = r!(t, O)r(O) - iV(r), 

see p.Sp . and use the same arguments as in L^^ estimates for Lemma |3. II with ui ~ r, U2 — Q and p2 
replaced by an arbitrary p, p2 < p < 2N/{N — 2). Same works for P2 < P < 2N / [N — 2) in the cases 
(ii) and (iii), i.e. 

4 , „ 2iV 

ai<^ and = + 2 = ^^^^^-^ , 

respectively 

4 , „ 2iV 

ai < — and P2 = 0^2 + 2 > 



N " 2 + N-Nai 

In these last two cases, for ai + 2 = pi < p < p2 we use the arguments for L^^ estimates in Lemma 
13.11 with pi replaced by p. Riesz-Thorin interpolation gives the required estimates for 2 < p < pi and 
finishes the proof of Corollarv l3.1l 

For the proof of CoroUarv 13 . 2 1 we return to the dynamics on the center manifold given by equation 
(EH): 

= E{\a{t)\)a{t) + (V^o, 9{i^E(t) + r{t)) - g{^E[t)))- 

Changing to a{t) — e^-l'o Ei\'^('>)\)d.'>a{t) which eliminates the fast phase oscillations of the complex valued 
function a(t), and using the symmetries of ^(z) with respect to rotations of the complex plane (jl.5p we 
get: 

= {^a.9{^E(t)+m)-9{^E(t))) - {i^o,Dg\^^Jf{t)]+F2{iJE(t),m)). (3-20) 

where ^E{t) = E^\<^^\)'^^i}}E{t) = a{t)i}}Q + h{h{t)) and f{t) = /o ^(l''('')l)'^V(i). Now the right hand 
side of p.20p is integrablc in time on t e [— cx3,cx3]. Indeed, for the nonlinear term we use p. lip with 
ui = f and U2 = to get: 



l(*o,F2(*E(,),f(f)))l < c[||*„||^,;||f||2;« + ||«„||^,i (||fK;+' + || Ifcl"-' + 

where 

/3 = min{(a, + l)iv(i-l),(.2 + l)iv(i-l),2A.(i-l)}>l, 

see the estimates for \r{t)\ — \ f{t)\ in Theorem 13. II 

For the linear term we are forced to use L^^ estimates. By (|2.5p . (|2.4p . and (|1.3p combined with 
Cauchy-Schwarz and Holder inequalities: 

\{i^o,Dg\^^jm])\ < 

UoWl- < 2: li^Ewrh^ + II < a; |^^(,)|"^||i») II < X f(t)|U. < C\\r{t)\\L2_^, 
where the uniform in time bounds for the norms involving |'0£;(t)| = l'0£;(t)l follow from (|3.9p . For the 
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estimate of r{t) wc turn to (|3.8p which combined with (|3.1ip where ui ~ r and M2 = gives: 
lk(t)|U2_ < ||l^(t,0)||i,o^L^_J|r(0)|lL.o (3.22) 

+ /'*V(i,s)L,,^i. ||^(s)||^J+i^^,^^ds+ /'*V(t,s)L,._^. \\r{s)\\tit^^,,,A^ 
Jo Jo 

+ \Mt,s)h2^L^ (II < X I^B(s)r^^'+ < 2: >^ \Ms)r-''h^) lk(s)llL.ds 

Jo 

1*1 

||l](t,5)L.„i._J|mU(,)|U.|(V'o,J^2(V^£(.),r(s)))|ds 

Now, from the weighted estimates for fl{t, s) in Theorem 14. II uniform bounds for i]je(s) ^-nd i?/i|a(s) see 
(|3.9p respectively p.l6p . and from (|3.2ip we get that the last two integrals decay like (1 + 1^1)"*^, where 
(3 — Tiim.{N [3} > 1. In the remaining terms, to avoid singularities at t = we use go = 2, qi = 
v'l-, 92 = v'l for |<| < 1, while for \t\ > 1 we fix 

2^ 27V 

< P3 < , (3.23) 



iV-2 N + 2~Nai 

such that P3 < p with p given in the hypotheses of Corollary 13.21 Then we use go = P3 and split the 
first two integrals on the right hand side of (|3.22p into integrals from zero to \t\ — 1 where we choose 
qi = q2 = p's and integrals from |f| — 1 to |t| where we choose qi = p[, §2 = P2- This way the first three 
terms on the right hand side of (|3.22|) decay like (1 + |i|)~'^ where 

Remark 3.2 The restriction (X\ > A/N is necessary for the existence of a p^, with the properties (j3.23p 
which in turn insures the integrahility in time of the first two integrals in (I3.22p . Such a restriction 
was not needed for the integrahility of p.2ip . the nonlinear terms on the right hand side of (j3.20p . 
Consequently a decomposition that removes the linear term on the right hand side of p.20p will also 
remove this restriction to asymptotic stability. 

All in all we now have 

d~ C 
Consequently there exist a±oo G C such that 



lim d{t) = d±oc, \d{t) - d±oa\ < 



Moreover, because i?(|a|), |a| < eo is a function hence Lipschitz, we get E{t) — E(\a{t)\) 
E{\d{t)\) E{\a±oo\) as t ^ ±00 and the function 



e{t) = 



1 r* 



j;; E{\a{s)\) ~ E{\a+^\)ds if t > 1 



t JQ 
1 f* 



j;; E{\a{s)\) ~ E{\a^^\)ds if t < -1 



converges to zero as i ^ ±00. Finally, from ipE(t) — i(i)V'o + h{a(t)), by the continuity of h{a) and its 
equivariance with respect to rotations see Proposition 12.11 we get: 



lim ||V'^.(,) - e-"(^(l'^±-l)+«W)VB(|.±^|)|k^nLj = 0. 



and the proof of Corollarv l3.2l is finished. 

In the next section we obtain the estimates for the propagator n{t,s), t,s eM. of (|3.7p . Note that 
they were essential in proving Theorem 13.11 and Corollaries 13.11 and 13.21 
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4 Linear Estimates 



Consider the linear Schrodinger equation with a potential in four and five space dimensions: 

H 

u(0) = Uq. 

If V satisfies hypothesis (HI) (i) 1. and (ii) it is known, see [131 Example 7.8], that for = 4, 5, and 
a > N/2, there exists a constant Cn > such that 

\\e-^"'P,uohl^ < —^T^\M\lI (4.1) 

(1 + 2 

where Pc is the projection onto the continuous spectrum oi H = —A + V. 

In addition, if V satisfies (HI) (i) 1., 3. and (ii) then for each 2 < p < oo, 1/p' + 1/p = 1 there 
exists a constant Cp > such that: 

||e-^*P.uo|U. <-^^||uo|L.', ^ = 4,5 (4.2) 

see for example 

We would like to extend these estimates to the linearized dynamics around the time dependent 
motion on center manifold. We consider the linear equation with initial data at time s in the range of 
Pc : 

dz 

'dt " ^^^^^ + PcDg\^^^^^ [zit)] + iDhlit)i{^Po, Dg\^^^^^ [z{t)]) 
z{s) = V e rangePc 

where Dg\^^ [z] = ^^(^b + £z)\,^o = ■|jg(u)U=VB^ + ^5'(w)l«=«/'ii;^- 
By Duhamel's principle we have: 

zit) = e-'"^'-^^P,v - /* e-'^(*-^)p, (zDfflv^.,., [z{r)] - Dh^^r) (V-o, ^Agk.,., \z{t)])) dr (4.3) 

J s 

In the next theorems we will extend estimates of type (|4.1l) - (j4.2p to the operators 

Q{t, s)v = zit), and Tit, s) = n{t, s) - e"'-^(*"")Pc, 

relying on the fact that V-'£;(t) is small and localized in space, see (13.91) . The arguments can be extended 
for large V'_E(t) provided for a certain fixed solution i/je of (|2.2p we have infggR ||V'_E(t) ~ e^^'V'-Ellffi is 
small uniformly in t g R, see [B]. We start with weighted estimates. While the approach is similar to 
the one in [TU\, see also [7j, we include the proofs for completeness. 

Theorem 4.1 Fix a > N/2, and < 92 < There exists ei{q2) > such that if \\ < x >'^"' 

'>pE{t)\\L^ < ^1 for all t G R, then there are constants Ca, Cp, C and C{q2) > with the property that 



18 



for any t, s G R the following estimates hold: 
{{) mt,s)\\r^.^r.^ < ^" 



{l + \t-s\)f 

C 2N 

(tt) \\nit,s)\\Li^Lp < _ J^i_iy for all 2 < p < 
\t s\ 2 p 

(m) T{t, s) e L^(R, ^ L^_„) n L°°(M, ^ 

C 

(iv) \\^{t,s)\\^pi^^2_ <- for all 2 < p < q2] 

\t — s\ ^2 p' 

C for\t-s\<land2<p<^, 

for\t~s\<l and^^ <p<q2, 



ii+\t-s\y 



1 _ 1 for It — s| > 1 and 2 < p < q2. 



Proof of Theorem mi] Fix s e M and let qi = 

(i) By definition, we have ^{t,s)v — z{t) where z{t) satisfies equation (|4.3p . We are going to 
prove the estimate by showing that the nonhncar equation (j4.3p can be solved via contraction principle 
argument in an appropriate functional space. To this extent let us consider the functional space 

Xi := {u e C(R,L2_^(M")) : sup(l + |i - s|)^||u(t)||i2_ < oo} 
endowed with the norm 

\\u\\x, :=sup{(l + |t-s|)f }<cx3 

Note that the inhomogeneous term in (|4.3p zg = e~'^*^*~*^Pci' satisfies Zq G and 

\\z4x,<Cn\\vUi (4.4) 

because of (|4.1I) . We collect the z dependent part of the right hand side of (|4.3p in a linear operator 
L{s) -.Xi^X, 

[L{s)z]{t) = -j' e-^^(*--)p, (*A9|.0.(., [^(r)] - D/i|a(r)*(^o, ^sU.,., W])) dr (4.5) 

We will show that L is a well defined bounded operator from Xi to Xi whose operator norm can be 
made less or equal to 1/2 by choosing ei sufficiently small. Consequently Id — L is invcrtiblc and the 
solution of the equation (j4.3p can be written as z = (Id — L)~^Z(). In particular 

IklU, <(l-||i||)-'||^o||x, <2||zo||x, 

which in combination with the definition of fl, the definition of the norm Xi and the estimate (j4.4p . 
finishes the proof of (z). 

By computing the norm of both the left hand side and right hand side of (|4.5D . for t > s we 
have: 

ft ^ ^ 

dr 



\[L{s)z]{t)\\i^._^< / \\e-'"^'-^^Pc\\Ll^Ll^ |lZ?5|^,[z]|U. +||mU(,)||c^i.|(^o,^5l^.W 

J S 

< f \\e-'"^'-^^Pc\\Li^LO\\DgUM\\Ll 



Dh\a{T)\\c^Ll\\tpa\\L^\\D9\,pEM\\L^]dT 
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(4.6) 
(4.7) 



On the other hand, from ([^ . (^31) . and pT^ we obtain: 

\\Dg\^A^]\\L^ < ii(^)^(iV'i^r + iV'i^r)iiL~ikiiL^_<£rii^iiL^ 

Also 

\\Dh\air)\\c^Ll < C2, for aU T G M 
which follow from h being on a e C, \a\ < S, with values in L^, see Proposition 12.11 and |a(r)| < 



eo<6 for all r S R, see 

Using the last three relations, as well as the estimate (I4.ip and the fact that z E Xi we obtain that 



sup(l + |< - s|)f |l[L(s)z](t)|L.^ < sup(l + \t - f 

t>S t>S Js 



Cn 



(l + |t-r|)f (1 + |t-s| 



dT 



< er sup(l + \t~ .s|)f < Cer\\z\\x, 



Similar arguments lead to supt<g(l + \t — s\) 2 || [L(s)z](t)||i2 < Ce"^||z||;is:j, hence ||L(s)|| jc^^^Xi < 
Ce"^ . Now choosing ei small enough we get that L{s) is a contraction operator on the Banach space 
Xi, therefore: 

C 



mt,s)\\ 



< 



il + \t-s\)^ 

(a) From part (i) we already know that (|4.3p has a unique solution in provided that w G L^. 
We are going to show that the right had side of (|4.3p in L^. Indeed, using (|4.2p and ^ LP we have: 



\t-s 



itttII^IIl^ 



(4.8) 



The remaining term satisfies for t > s : 



\ms)z]mL.< 



< 



< 



< 



-iH(t-T] 



c 



Pel 



LP'^LP 



dT 



\t^T\ 



c 



\\v\\li 



(1 + 



-dr 



T-S 2 



C\\v\\l2 



for all 2 < p < 



2N 



and same estimate can be obtained for t < s. Pluginig (|4.8p and (|4.9p into (14. 3p we get: 

C 



(4.9) 



II^WIIlp < 



2 p J 



for all t e 



which by the definition ri(t, s)v = z{t) finishes the proof of part (ii). 
(Hi) Denote: 

T{t,s)v = W{t) 



(4.10) 
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then, by plugging in (|4.3p . W(t) satisfies the fohowing equation: 

J S 

+ [L{s)W]{t) 
Consequently 

{x)--W{t)^- j\xr"e~''"('~-^P,(^iDg\^,[e-'"^^^-'^P,v]-Dh\a(r^^^^^ 

- j\x)--e-'"^'-^^P, {iDg\^, [W{t)] - i?/iU(,)i(Vo, Dg\^, [W{t)])) dr. 
Then, by gl]): 



(4.11) 



dr 



c 



-(1 + \\DhUi\\MLi)\\{^rDgU,Je-^"^--^^PM\\L-^dT 



C 



s (l + |i-r|)t 

(1 + \\DhUdMLi){\\(xf''gu\\L- + \\{xf''gu\\L-mx)-^WiT)\\L2dT 



{l + \t-r\) 

< erC\\K\\L4v\\L2+erC\\K\\L4{x)-''W\\L2L2 



where we used Young inequality \\K * /||i2 < \\K\\Li\\f\\L^, with K{t) = (1 + \t\)-^ G Ll, while for 
the term 

{xrDg\^,[e-'^"'P,v] = {xY g^ixY {xy e-'"' P,v + {xY g^{xY {x)-" e'"' P,v 

we used \\{xY'^ gu\\L°° and || (a;)^'^(7s||L°° is uniformly bounded in t by e"^ since \gu\ — \gu\ < C{\^e\°'^ + 
IV'bI"^) and the Kato smoothing estimate ||(a;)^'^e^'^*Pci^llL2(R.i2) < C||w||l2. Choosingsi < l/(C||i4r||^i) 
we get Wixy^WWi^^i^-i < oo. In other words T{t,s) e L'^{R,L'^^ L^_^). 
Similarly, using now (|4.2p with p = 2 and uq = v, we obtain for t > s : 



wixY^wmLi < 



c 



{i + \t-r\y 

C 



(1 + \\Dh\\Li\\M\Li)\\{^YDg\^.[e-'"'^^-'^Pcv]\\LidT 
(1 + \\Dh\\L2\\MLim{xy''9u\\L^ + \\{xY''gdL^)\\{xy"W{T)\\LidT 



il + \t-T 

< e'^'CWvU^ + e^Csup \\{xY''W{t)\\l2 

Same argument works for t < s. Then passing to supremum over i G M on the left hand side we get the 
required estimate provided ei is small enough. 

(iv) By definition of T{t, s) (|4.10[) and the similarity between t > s and t < s estimates it is sufficient 
to prove that the solution of (|4.11|) satisfies 



f C\\v\\ . 



\\wmL^^ < { 



for s < t < s + 1 
for s < t < s + 1 



L (i+|t-.|) 
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The estimates for 2 < p < 'Z2 are then obtained by Riesz-Thorin interpolation. 

Let us also observe that it suffices to obtain estimates only for the forcing terms in (|4.11|) : 

fit) = -^ f e~'"^'-^^PeDg\^,[e-^"(^-^^P,v]dT (4.12) 

J S 

fit) = /*e-^^(*--)p,D/iU(,)i(^o,i?5U.[e-^^("-^)Pc«])dr (4.13) 



because then we will be able to do the contraction principle in the functional space in which fit), fit) 
are, and thus obtain the same decay for W as for fit) and fit). This time we will consider the functional 
spaces (recall that s e M is a fixed number) 



Xi = \ueCi[s-l,s + l],Ll^iR^)) : sup ||u(i)||L2 < 00} 

\t-s\<l > 

X2 = ImG C(M,L^,(M")) : sup (1 + |t - s|)^(5-i^||w(t)||i2_ < 00 

\t-s\>l 

sup 



endowed with the norms 



< 



= sup \\uit)\\L2_ 
l*-s|<l 

\\u\\x, = max J sup \t - sf^"--^2^-^\\uit)\\L2 , sup (1 + |t - s|)'^(^"H)||^i(t)||^. 

[|t-s|<l ' \t-s\>l 

First we will investigate the short time behavior of the forcing terms. If s < t < s + I : 

\\fit)\\Li^ < \\{x)-" J\-'"^'-^^PcDgyAe-'"^^-^^Pcv]dTU. 

J S 

ft (J 

\t- s\^^ ^' re[s,t] 

—I — TT sup 

s |f + s-2r|^2-i^) 



< 



- (l + |t-r)^ 
Csup^g[,^t](||g;(T)||ii + ||5ii(T)||Li + \\{x)''guir)\\Lfi)\\v\\^,:^ 



|i_s|"^2-ii. 
where we used the Fourier multiplier type estimates: 
l|e-^^("-^)p(x)e^^(^-^'||iP(R«)_iP(R«) <q|PLi(R«), for aU |r - s| < 1, and 1 < p < 00, (4.14) 
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where F is the Fourier transform of F with respect to the variable x E M.^ and C > is a fixed constant 
see [71 Theorem 5.2]. Similarly we obtain ||/||l2 < C||f ||^,^ for qi = and \t — s\ < 1. For the 
second term we have: 



< 



C 

C\\Dh\\ 



(l + |t-T|)- 

^)!^^'' J |e'^°^^-^VoHL.. sup (||.g;:MllLi + ||.9';^)||L0ML,^ 
(l + |t-T|)- Te[s,t] 



< 



^ sup^g[,^t](||.9„(T)||^i + ||.9fl('r)||Li)||V^o||L-i2||t^||^,^ ^ C\\v\\^,^ 

+ - (i + |t_s|)f-i 

where we also used tpo & ^ L'^^- Similarly 11/11^2 < ^^^^ — - < C\\v\\ for 91 = 

(l+|t-s|) 2 ^ 

For t > s + 1 we will split these two integral in two parts to be estimated differently: 



and ^ 
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Then we have: 



J s 

J s 



J s 



< C{q2)\\{x)-nuJ- + ! ) r\\\g-{r)U^ + \mr)h^)\\v\\^,'jT 

<C(g2)||(a;)-nU.sup(||5';(T)|Ui + ||5a(r)|U0(- 4^ ^ 



For the second integral we have 



Js+\ (1 + |i-r|) 2 



< C(92)||t^|L,' , ^ -^77T-XT < 



^ ' (1 + |i - r|)f |t - s|^(5-h) (1 + |i - s|)^(^-h) 
For the second forcing term f{t), we use again V'o € -f^^ ^ -^'^ : 

Js (l+i-T)2 



< 



(l + |i-T|)^ 



- (l + |t-.|)f X 



111 is estimated exactly the same way as li. Let us observe that the above estimates are for the 
case t > s + 1. Because of that we can replace the Cl\t — s\ term by C/(l + |t — s|) in the /i, and 
7/2 integrals. The estimates for s — 1 < t < s respectively t < s —\ are obtained in the same way as 
the ones for s < t < s + 1 respectively i > s + 1. 
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Theorem 14. II is now completely proven. □ 

The next step is to obtain estimates for ri(t, s) and T{t, s) in unweighted spaces. 

Theorem 4.2 Fix a > N and < q2 < Assume that \\ < x '(/'£;(t)l|L~ < £1(92), for all 

t G M (where ei{q2) is the one used in Theorem \4--l\} - Then there exist constants C2, C2 and Cp such 
that for all i , s € IR the following estimates hold: 

il) mt,s)\\L^^L- < C2, \\Tit,s)\\L2^L- < C2 

f |t_^|iva-2/p)-i for\t-s\<l 2N 
(-) \\nt,s)\\,,^,^<l 'c for\t-s\>l ' 2<;,<,,<^ 

C 2N 

mt.s)\\^,,^^,<- for 2<p<q2<—- 

2N 

(ill) \\T{t,s)-T{t,s)\\^,,^^,<C',, for 2<p<^^ 

where 

fit,s)^ 



Proof of Theorem 14.21 Fix s g R. Because of the estimate (|4.2I) and relation n{t, s) — T{t, s) + 
^-iH(t~s) p^^ it suffices to prove the theorem for T{t,s). Throughout this proof we will repeatedly use 
the equations defining T{t, s) (|4.10p - (|4.1ip where the linear operator L{s) is given by (|4.5p . Note that 
we have already denoted the remaining forcing terms in (|4.1ip by / respectively / see (j4.12p and (|4.13p . 
(i) To estimate the norm we will use the following duality argument: 



2 

L- 

t pt 



' S 'J s 
rt pt 



\\fmh^{fit)j{t)) 

{e-^mt-r)p^J^g\^^ ^^-^Hir-.)p^^^^^^^H{t^r')p^p,gy^ [e^mr ~)) p^y^'^dr' dr 

\Dg\^Je-'"(^-'^P,v],e-'"^^-^''>P,Dg\^,[e-'^'''^-'-'~>PM)dT'dT 

J s J s 



' s ^ s 



' s J s 
rt rt 



S 'J s 

t rt 



< I \\{xyDg\^,[e-^"^--^^PM\\L^ I ^ \\{xrDg\^,[e-^^^^'-^^PMU.dT'dr 

< C\\{xYDg\^,[e-^"'^^-^^PM\\LlLl f ,^ \\{xY Dg\^,[e-^"^^' PMUldr' 

< C\\K\\Lr\\{xrDgU,,[e-^"'PM\\l2L2 < C\\v\\l. < 00 



LI 



At the last line we used Young inequahty ||iir*/||^2 < with K{t) ~ {l + \t\)^^ e and for 

the term {xY Dg\^j^[e^'-^^ Pcv] = {xY {guC^^^^ PcV + guC^^^ Pcv) we used the Kato smoothing estimate 
II (a;)~'^e~*-^*Fci'||L2(E,L2) < C||u||i2 , together with the uniform bounds in time || (a;)^'^5„(r')||Loo , W^xY" gu{T')\\L^ < 
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since \gu{T')\, |<?fi(r')| < CdV-scr') I"' + li^Eir')]"')- Similarly we have, 
11/1112= r [\e-^"^'-^^P,Dhl^^^{i:o,DgU,,[e'^"(--^^PM), 





X ^ 1^ _ \\mLlUo\\L4D9kAe"'"^^'''^Pcv]\\L^dT'dr 
< C\\v\\l2 < oo 



We will estimate 



norm of L{s) see (|4.5p in the same way as for / : 



\\L{s)W\\l. = {L{s)W,L{s)W) 

= / / {Dg\^,[W{T)]~Dh{i^o,Dg\^,[W{T)]),e-'"^^-^'^P,{Dg\^,[W{T')]~Dh{^o,Dg\^^^ 



J S J S 



< r(ll(a;)V||L,~ + ||(x)-ffdkr)(l + II^^IUjllV'o||LOII(^)^"W^I|Lj 



s 



X rCX(r-rO(|l(x)'^g,JU^^+|l(.T)'^.g^|U^»)(l + |lI);i|U.JlV'o|lLOIl(-^)-^^^^ 



S 



<q|if|Ui||(x)--w^||i.i. <oo 

By Theorem EH] (iw): II (a;>"'^W^||L2i2 < cx). 

Therefore we conclude ||T(t, s)||i2^^2 < C and ||fi(t, s)||i2^^2 < C 

(ii) It suffices to prove the estimates for p = 2 and p — q2. The estimates for 2 < p < q2 will 
follow from Riesz-Thorin interpolation. We will also assume t > s since the case t < s can be treated 
similarly. 

We start with short time estimates, s < t < s + 1 where the difficult part is to remove the non- 
integrable sing ularities of e-'^^P^ at t = 0, see (j4.2p for p > 2N/{N — 2), which appears in the 
convolution integrals in (j4.1ip . For this purpose we will use the Fourier multiplier estimates (|4.14p . 
Let us first investigate the short time behavior of the terms f{t) and f{t). In what follows p — 2 and 
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P^q2> 2N/{N ~ 2) : 

J S 

< f ||e-'^(*-^)||^,,_^,||e^^(--^)Pe5«e-'^(--«)PeZ^|L,.dr 

||e-^^(*+^-2^)|L.'^i.||e-^^(^-^)Pc5^e'^(^-^)p,«||^,.dr 



+ / ||e-*^(*+^-2^)|Lp'^i,||e-'^(--^)p,gfie'^(^-^)p,«|L,-dr 



^ / ^ n^^^ll5;WIUi||^'IL.'rfr+ / ,. CmT)\\L4vh.'dT 

* II , ,|| ^pII'^^IIlp' j_ , /"* 



I |^(^llga(r)|| _^ ; y rfr+ / / . . g||gl.(r)|U^ IklL.-dr 

C max{sup^gjj ||5fi(T)|| ^ ,sup^gjj ||g 

(''')IIli}||i^IIlp' 



|t- s 



Af(l- 



For / we use the Sobolev imbeddings ||P||lp < C||P||h2 for 2 < p < together with ||e-*-^*P||H2 < 
C\\F\\h^ : 



||/»||lp< j C\\Dh\air)\\c^m\{^o,Dg\^,[e-^''^^-'^P,v])\dT 

< f \\Dhl^,^\\c^H4 |(e^^'^-^Vo,e*^(^-^^5«e-'^(^-^)p.i;)| 

J S 

+ \{e-'"^^-'^i^o,e''"^^~'^gue'"^^-'^Pcv)\ ]dT 

+ ^*p/i|a(r)||c^ffH|e-'^("-^Vo|kp||e-'^(^-^)5oe'''^""''^c«IL.'dr 

< Csup \\Dh\a(r)\\c~*HAsnp ||g;j(T)||Li + sup ||5fi(T)IUOIlV'o||ff2|* - s\ \\v\\lp' < 

tSK tGR rSR \t — S 



C\\vh.' 



We now move to the short time estimate: s < t < s + 1 of ||L(s)VK||lp, p — 2, q2, see (|4.5p for the 
definition of the integral operator L{s). The main difference compared to the / and / terms is the fact 
that the singularity at r = s is integrable due to Theorem 14.11 part (iv): 

[L{s)Wm=-t f e-'"^'-^^P,Dg\^,[W{T)]dT+ f e~^"^'-^'> P,Dhl^,^t{i;o, Dg\^,[W{T)])dT 

J S J S 
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where 



e ■^PcDh\air)i{^o,Dg\^^[WiT)])dT\\LP 



< / C\\e-^"^*-^^Pc\\H^^H4mair)\\c^H-\{i^o,Dg\^,[W{T)])\d7 



< / C\\Dh\air)\\c^H4M\L'^{\\{xy9u\\L^ + \\{xy gu\\L^)\\W {t)\\ l^Jt 
J s 



However to remove the non-integrable singularity at r = i in the remaining integral we need to plug in 
(|4lT|) in it: 

l\-mt-r)p^JJg\^^^W{T)]dr 

+ £ e-'"^--^'^P,i-iDg\^, [Wir')] + DM{i:^, Dg\^, [W^(r')]))dr') dr 

+ e'"'^^-^'^Pci-tDg\^,[WiT')] + DM{i;o,Dg\^,[WiT')]))dT') dr 
All the terms will be either of the following forms 

Li= f e-'"^*-^^Pcgu f e''"^^-^'^PcX{T')dT'dT 

J s J s 



\-iH{t-, 



L2= f e-'^(*-^)p,go f e'"^^-^"^PcX{T')dT'dT 

J S J S 

Li= f e-'^'^'-^^Pcgu r e-'"^^-^'^PcDh{,Po,X{T'))dT'dT 

J s J s 

L2 = J' e-'^(*-^)p,.go e^'"^---'^P,Dh{iPo,XiT'))dT'dT 

where X{t') can be either of —igue^''^^'^ ^^^PcV, —iguS^^^^'^'^^PcV, -~iguW{T'), or —iguW{T'). We can 
now remove the singularity of ||e~*^^*^'^^Pc|lLp'H^LP at r = i via (|4.14p : 

Li= f e-'"^'^''^ P^gue'"^'-''^ f e-'"'^'-^"> PcX{T')dT'dT (4.15) 

(4.16) 

L,= r e-'"'-'-^^P,gue'"'-'-^^ I ' e-^^(*^^')p,Z?/i(^o, X{T'))dT'dT (4.17) 

J S J S 

L2= f\-'"'^'-^^Pcgue'"^'-^^ f e-'"^'-^^+^'^PcDh{ijo, X{T'))dT'dT (4.18) 
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For X{t') = -~igue~'"'^'''-'^PcV we have: 



J S J S 



J s J s 



Lp^Lp 



^ I 7. p^cpxybdl^-, / -—W(rzT^mL4vhp'dr'dr 



'-"^ c r c_ 

ii^ii /" C 11-^11 nil ill ^ ^\\^\\J v' 

huWh^ \ : „ ,jv.i lA WnUAml LP' dr dr < 



\\LiM\lp< j \\e-'"^'-^^Pc9ue'"^'-^^\\Lp^Lp J C\\Dh\\c^HA{i^o, 9ue-'"^^'-'^ Pcv)\dT' dr 

< f llfn(r)|Ui f C\{e^"^^'-^H^,e^"^^'-^^9ue-'"^^'~^^Pcv)\dT'dT 

J S J S 

< f llfn(r)|Ui r C\y"^^'-^H4LpV"^^'~'^9ue"^"^^'-'^Pcv\\LP'dT'dT 



<C\t-s\''\\v\\^,, 

For X{t') — — ig^e'^^'^ ^'^^PcV in Li we first change the order of integration then spht and use 
631: 

lle-^^(*-^)Pe.g„e^^(*-^)|Up^Lp||e-^^(*--')||^,.^i,||gse'^(-'-^)p,i;|L,-rfrdr' 



C\\v\\ 



For ^2 we do not change the order of integration but we have to split both integrals to avoid 
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singularities: 



L2\\li' < 



Lp^Lp 



\\9u\\li^ 

+ !I.9u|Il2/3 



S+- 



-iH(T'-T 



dT 



iLp^Lp 



,-mt-2r+r')p^g^^-.Hir'-s)p^^^^^^^^> 



^H{t-2r+2r■^s)^^H(r'-s)p ^^^H{r■-s)p . ,^ 



dT 



c 



'u\\L^\\V\\lp 



|t-2r + 2T'-s|^(5"p 

^ II II 



v\\ rv'dr' 



\LP' 



s+- 



dT 



\\9u\\l^ 



|t-2r + 2T'-s|^(5 
C 



-dr' 



|i-2T + 2T'-s| 



ll.9fi|lLi||v||LiC^T' 



dT 



< 



C\\v\ 



LP 



\t-sr^i--p^ 



Li and L2 are estimated as in the previous case. 



For X{t') — -~iguW{T') and —iguW{T') we will change the order of the integration and use 
Theorem 14.11 part (iv): 



< 



' S 'J T 
nt nt 



-fci/uc II Lp^Lp II c ^cIIlp^Lp 

c 



\9uW{r')\\L,,dTdT' 



\\9u{r)\W- ^^7^||(x)-ff„(r')|L^||M^(r')L. drdr' 

\t — t'\^^~p' LP-2 

t 



< sup \\gu[T)\\L^ sup \\{xYgu{T')\\ 2^ 



C 



ClkliLp' 



1_ 



< 



glkliLp' 
|t_5|2A^(i-i)- 
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' s ^ r' 
rt ft 



' s Jt- 



Is Jt' li-Tr'^-p) 
t rt (J 



Js Jt-i^ \t + T' - 2r|^(2-p) 
< sup ||ffn(r)|L ^ f ^^^^||(x)-.9„(r')||L~||Ty(r')L. dr' 



re[s,t] Js |i - r'|^(2-p)-i 



< 



While ii.2 are estimated similarly with the previous cases: 



<C \\9u{r)\\L^ \\Dh\\c^H4ML4{xr9u\\L^\\W{T')\\L2 dr'dr 



y 2 p ^ 



LP' 



The short time estimates for |t — s| < 1 are now done. For the long time estimates we will assume 
t > s + 1 since the case t < s — 1 can be treated in the same manner. Note that part (i) already gives 
the required estimate in L^(R^), p = 2. It remains to obtain the LP(R^), p = q2 estimate since the 
ones for 2 < p < q2 will be a consequence of Riesz-Thorin interpolation. In what follows it is essential 
that the kernel ||e~''^*Pc||Lp'H^LP is integrable in time on t > s + 1, see (|4.2p for p = q2 > 2N/{N - 2). 
This will allow us to use the well known convolution estimate: 

/ \t~T\"'\T--s\-''dT<C{S,a,b)\t-s\-''^'''^'''''^ for 0<(5< 1, a,6>0 (4.19) 

Js+S 

provided a > 1 or 6 > 1. Note that if a, 5 < 1 one has to replace min{a, b} above with a+b~l < min{a, b} 
which is not sufficient for our linear estimates nor for closing the nonlinear estimates in Section [H 

As before we start with the long time behavior of /(<), f{t), see (|4.12p - (|4.13p . and separate them 
into three integrals: 



/•s+l/4 i-t 

fit) = + + -te-^"^'-^^PM^Ae-'"^'-'^Pcv]dT 

Js Js+l/A Jt-l/i 



s+1/2 ft-l/2 nt 

fit) = I + +/ e-'^(*-^)p,mU(.)»(V'o,i?gU.[e-"^^^-^^Pci'])dr. 

Js+l/2 Jt-1/2 
-f-fi II2 II3 
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For the middle integrals, I2 and II2, we simply use (|4.2p combined with (|4.19p . For the remaining 
integrals we remove the singularities at r = s respectively at t = t as in the above short time estimates. 
More precisely, for p = q2 > 2N/ {N — 2), we have: 

J s+l/i 



< sup{||5„(T)|| ^+||gc(T)|| ^} /* 

<C- 



/•t-1/2 

< / \\e-'"^'-^'>Pch.'^L.\\mair)\\L.'Uo\\M\\9uL^ + || ffo |l ^ ) || e'^^^^"^) P^t' || L. 

Js+1/2 



/■t-1/2 /-< |L,|| 

< ll^oliL^sup{||i?/»UM||^,.(||.g„(r)|L ^ +||.g,(r)|L ^)} / ii-i/ ^ 



< 



IIAIIl. < J \\e-'"^'-''>Pch.'^L.\\e'"^^-'''Pc9ue-'"^^--'^PM\L.'dr 

rs+l/i 

< / :jJTTzrM9u\\LA\v\\L.-dr+ / :^:wTzrMm\LA\v\\L.-dT 



< C\\v\\^,, sup{|1.9;(r)|U. + |l<?:,(r)|U.} / + ^ dr 

<c- 11^"^''' 



\t-s\ 



h\\L.< I \\e-'"'^'~^^Pcgue'"^'-^^\L.^LA\e''"^'~'^Pcv\\L.dT 
Jt-1/4 

Jt-1/4 

Cph\\Lv' , , /■* C'plkllip' 



< C||^;|Lp. sup{||g;(r)|U. + mr)\W} f + .. dr 
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fS+1/2 

-1/2 a 



< 



< 



dr 



s+1/2 



< 



< 



|i-S-l/2|"^5 Js 



Lp' 



dr 



-1/2 



\\Dh\a(r)\\ LP' iWguh^ + \\gu\\L^)\\v\\Lp'dT 



CM 



Lp' 



\t- s 



Jt-1/2 

< r Cp/l|a(r)|!c-.HHIV'0||L^(ll5u||L/' + 1 1 5fi 1 1 L'' ) 1 1 e"'""^""'^ ^ci' 1 1 Lp 
Jt-1/2 

<||V^o||L^sup{||mU(.)||c^^.(||5„(r)|U, + ||gs(r)||i.)} T , ^"",1^'., 
reR Jt-1/2 It - s ^2 



dr 



< 



CM 



lp' 



\t- s 



NO 



Similarly we will investigate the long time behavior, t > s + 1, of L{s)W. We split it into three 
integrals with si = min{s + l.t — 1/16}: 



[L{s)W](t) = 



SI 

+ / 

Si 

L3 Li 



^-mt-r)p^ ^^Wg\^,^^^ [W{t)] + DhU^r)^{^o, Dg\^,^^^ [W^(t)])) dr 



is 



Due to Theorem l4.1l part (iv) and W{t) — T{t, s)v, the integral L3 has an integrable singularity at r = s 
while L4 has no singularities. A combination of ()4.2p . estimates in Theorem 14.11 part (iv), and (I4.19P 
gives the required result for L3 and L4. In L5 we will first remove the singularity at r = t in a similar 
manner we did it for short time estimates. More precisely, for p — q2, 2N/ {N — 2) < 172 < 2A^/ {N — 4), 
we have: 



3\ LP 



< 



+ 



Pc\\LP'^Lp\\Dh\air)\\c^Lp'\{^0,Dg\^,^JW{T)])\d7 



rsi Cp\\W{t)\\l2 dr 

< sup{(l + |imU(.)|lc^^y||^olUO(ll(^)^3n(r)L^ + ||(x)-g,(r)L^)} / ^ 

\t — t\ ^2 pi 



< 



C 



|t-s- l/16|''^5-pJ J, \r-s\''^^-p 



\t-s\ 
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We estimate L4 exactly as L3 but now ||VF(t)||^2 < Cp(l + |t — s\) p)^ gge Theorem 14.11 part 

(iv), and the convolution estimate (|4.19p is now employed to yield exactly the same result. For L5, one 
of the integrands has no singularities: 

e-'"^'-^^PcDh\air)Hi'o,Dg\^^[W{T)])dT\\LP 



< 



16 

t 

C\\Dh\air)\\c^H4ML-i\\{xy9u\\L^ + 1 1 (a:) ".9« 1 1 ) 1 1 M^(r) 1 1 ^2 dT 

t—J- 

'' 16 

t 



rek^" - ' " Jt-^ Ir-sr^^-^' -\t-s\^'^^-p 

However to remove the non-integrable singularity at r = f in the remaining integral we need to plug in 
(j4TT|) in it: 

/' e-^"^'-^'>PM^AW{r)]dT 

+ £ e-'"^---'^P,{-iDg\^, [W{t')] + DM{i:o,Dg\^, [W{T')]))dT') dr 
+ ^ e-'"^'-^^Pcgu{j^ e'"^^-^'^Pc{-iDg\^, [e-^«(-'-^) P,v] + DM{i^o, Dg^, [e-'^(-'--)P,z;]))dr' 

+ r e'^<^^-^'^Pc{~tDg\^, [ly(r')] + i?/ij(V^o, i^sU^ [W^(r')]))dr') dr 



We will add e'^^*""^) and e^*^'*^'^^ terms after and 5^^. Then all the terms will be similar to 
Pi, P2, Pi, and P2, see (|4.15p — (|4.18p . After separating the the inside integrals into pieces, we will 
estimate short time step integrals exactly the same way we did for short time behavior by using estimate 
(|4.14p . and the other integrals will be estimated using the usual norms. For completeness we show below 
how each term is treated: 

• For X{t') = -igue-^"^'^'-^'^PcV we have 

\\Li\\l.< ^ ||e-'^(*--)p,g„e^^(*--)||LP^LP 

\\e-'"'-'-'^Pc\\L.'-,LAW''^^'''^Pc9ue-'"'^^'-'''PM\L.'dT' 
+ f ' \\e-'"'^'-^'^Pc\\L.'^LA\9ue~'"^^'-'^PM\L.dT' 



t-- 



34 



^2 LP 



< 



< 



/ \\e- 


iH(t-T) 














X 


iir- 




1 

4 




l|e- 












1 

" 4 






-I) 



LP— ^iP 



ILP — >LP I 



I LP' 



dT 



\\Li\\lp < 



r 

J s 



-iH(t-T' 



+ / \\e-'"^'-^'^Peh,>^i^ADh\\c^Lp'\{i^o,9ue-'"^''-'^Pcv)\dT' 



< r llfuIlL^ [ /'^' , ^'In^ ^J MLp\\e'"^^'-'^Pc9ue-'"^^'-^^Pcvhp'dr' 



\t-T' 



+ n , ^i^r ^M o\\L49u\\L4e^'"^^'-'^Pcvhpdr' 



+ r (:7|p/i||||,/^o||LHl5u||LH|e-^^(^'-«)Pct;||LpdT' 



dT < 



C\\v\\ 



Lp' 



\t-s\ 



L2 is treated exactly the same as Li except that in the decomposition of the inside integral At — it 

is used instead of t — 1/4/. 

For X{t') = -igue'"^^'-''>PcV we have 

||ii||LP< r \\e-'"^'-^^Pc9ue'"('-^^\\LP^LP 

" J S 

+ f ' \\e-'"^'-^'^\Lp'^Lp\\9ne'"^^'-'^Pcv\\Lp'dr' 



C^llLP 



cL-llLP' 



< 



dT 



\t-s\ 
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L2\\lp < 



-iH(t-T)p lH{t-T) 



^H(t-2r+2r'-s)^^H{r'-s)p^g^^-^H(r'^s)p^^\\^^^^. 



-iH{t~2T+T' 



< 



+ 



dr 



\t-s 



JV(i-i) 



ii and L2 are treated as in the previous case. 



For X{t') — —iguW{T') and X(r') — —iguW{T') we will separate the Li term into three integrals. 
For the first integral we will use short time estimate for W. Also note that one can obtain 
the same estimates for |i — s| < j and |t — s| > ^ in the Theorem 14.11 part (iv). For the last 
integral we will change the order of the integration: 

Jt-^ Js 



< sup{||gi(T)||Li} 



< 



t-— J s 

c 



^^\\{:,ygJ^4Wir')\\^._Jr'dr 

C 



|i_^/|iv(|-i) 



\t-r'\ 
C 



-dr' 



P' \T' — S\ 



Lp' 



1 li-r'r^^-?) (l + |r'-s|r^4-^ 



Nil 



-dr' 



< 



t-J^ Jr' \t - T'l'^'^^-P (1 + |r' - S\f<^^-P 



-drdr' 



Similar to Li we will split L2 in three integrals. In the first and last we use estimate (|4.14p and 
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we also change the order of integration in the last integral: 



L2\\lp < 



(_ J. 

16 

t 



||g-»H(t-r)p^^_g»ff(t-r)|| 



Lp^Lp 



\\e-'"^'+^'-'^^Pchp'^Lp\\9uW{T')\\^,,dT'dT 



< 



4T-3t 

C||.9fi||Li 



1 t-T 



\\{xr9u\\L4^\\Lp'_^^,^^ 



\t + T' ~2tY-'^^p' \t' - sl'^'^'p 

c\m\L^ ii(^)"5^iil"||«ii 



Lp' 



t-^ Js+\ |t + r' - 2Tr(5-i) (1 + 1^/ _ s|)^(5-i) 

Mlp' 



■ dr'dr 



t^^ Jir-3t \t - rr(5-i) (1 + _ 



-dr'dr 



< 



t-i Jt~l^ \t + r' ~ 2r|^(5"p) (1 + \r' - s\f^'!-p'> 
C\\vh.' 



drdr' 



\t-s 



Li and L2 terms are estimated as in the previous cases, more precisely: 

nt 



^2 LP 



< 



-iH{t-T) p ^ JH(t~-T), 



\\e '-TcguC' 'WLp^Lp 

_ j_ 

16 

r \\e-'"^'-'^^^'^Pc\\Lp'^Lp\\mc^Lp'\{i^o,9uW{r'))\dr' 

J s 



< 



+ / \\e-^''^'-'^+^'^Pc\\H^^H4mc^H^\\{^o,guW{r'))\dr' 

JiT-St 

CMlp' 



dr 



\t-s\ 



where we used 



C\\v\\ 



N(4-i)-l 



\{^o,9uW{r'))\ < Uoh^ sup{||(x)-5n(T')||L~}||l^(r')||L^_ < <^ '^'-tnHI 



LP 



if |r' - s| < 1 



if |r' - s| > 1 



(l + |r'-s|)"^2 p 



This finishes the proof of {ii). 

(Hi) The case p = 2 has already been proven in part (i). It remains to show the estimate for 
p — since the ones for 2 < p < follow from Riesz-Thorin interpolation. We will again use the 
definition (|4.10p and expansion (|4.1ip together with notations (|4.12p - (|4.13p . see (|4.5p for the definition 
of L{s). We will treat the t> s case as the t < s one can be treated similarly. 

For the / term let us first consider s < t < 1. Recall that 

/>miii{t,s+l} 

f{t, s)=-i e-'"^'-^^Pcgu{T)e~'"^^-'^Pc.dr 
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Then for this time interval the forcing term corresponding to / of the operator T{t, s) — T{t, s) becomes 

ii^-i I e-'"'^*-'''>Pcgue'"^^~'''>PcvdT (4.20) 

J S 

For fixed t and 5 we have 



Js " « ' 



< ||e-'^(*+^)Pe||L^^LHI^ e'^"^PMT)dTU^. 

< cikMllL2([,,,+i]_iP') < c||u||^p' 

at the last step we used end point Stricharz estimates O Theorem 1.2] and the fact that ||(7(t)||^p' < 
^^ll.9iWllLi|kllLp',see633. 

For the long time we split / as follows 

/= r\ f -ie-'"^'-^^PcDg\^,[e-'"^^-'^PMdr 

Js^^^ J s+l 

h h 

Then Ii is estimated exactly as (|4.20p above and for I2 we have via Stricharz estimates for the admissible 
pair (7, p), 7 > 2 fixed but 7 7^ 00 : 



II/2IU. < C( J^^^ \\g,.e-^"^^-^^PM\t'dry +C{ J ||ff.e^^(--^)PcX)||I>r) ^ 

ll.9u|li;i|e-^(^-^)p.z;||lUr)^ +C( / ||g«||i; ||e^^(^-^)Pe«||i:dr) ^ 



< 



< C 



dr 



s+l 



|r-s|^(5-f)7' 



< 00 



where l/(3+l/p= 1/p' and we used 7V(| - i)7' > 1 for p = and 7^2. 
Similarly for the other forcing term we have: 



fit) 



+ / e-*^(*-^'Pei?/iU(,)z(^o,^5UJe-*^(^-^)Pc«])dT. 



Ill 1I2 
li s < t < s + 1 only Hi appears with s + l replaced by t and it is estimated as follows: 

||//i||l^ < \\e~'"^'-^^Pc\\m^H4Dh\air)\\c^H^ ( | (^0 , 5«e-'^(^-^) Pe«) | + 9ue'"^^-''> Pcv)\) dr 



< 



s+l 



\dT 



< 



< 



s+l 



s+l 



c\\DhU^r)\\\mM\W"'^^'''>gue-'"^'-''^PM 

C||m|aMl|c^//Hl^o||Lp(||5;||Li + ||5;|U0MIl."^t < C\\v\\^,> 
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For the II2 term we have again via Stricharz estimates for the admissible pair (7,p), 7 > 2 fixed but 
7 7^ 00 : 

Wlhh^ < l \\Dh{',Po,gue-'"^'-'^Pcv)\\l^,dT) ' + C( j \\Dh{il,o,9ue'"^^-'^Pcv)\\l,'dT) ^ 
<C( r ||i?/i||^'„^,,||Vo|li;||5«lli;i|e-*^(^-^)Pct^||lUr)^ 

where + 1/p = 

Similarly we can estimate L{s)W : 

\\L{s)W{t)h. < C[j^ \\Dg\^.[W{T)]\\i,dTY +C[j^ \\Dh{i„,Dg\^,[W{Tmi,dTY 
< C[j^ (\\{xY9u\\^^^ + huW^^-^y' WWtdrY 

a 00 1 

a 00 ]_ . 1 

_ (i + i^_si)3(i-i)7'y 

Hence T(f, s) - f{t, s) : L^' is bounded for p = and by part (i) for p = 2. By Riesz-Thorin 

interpolation it is bounded for any 2 <p < . This finishes the proof of part [Hi) and the theorem. 
□ 



References 

[1] Thierry Cazenave. Semilinear Schrddinger equations, volume 10 of Courant Lecture Notes in 
Mathematics. New York University Courant Institute of Mathematical Sciences, New York, 2003. 

[2] O. Costin and A. Soffer. Resonance theory for Schrodinger operators. Comm. Math. Phys., 
224(1):133-152, 2001. 

[3] Ovidiu Costin, Rodica D. Costin, Joel L. Lebowitz, and Alexander Rokhlenko. Nonperturbative 
analysis of a model quantum system under time periodic forcing. C. R. Acad. Sci. Paris Sir. I 
Math., 332(5):405-410, 2001. 

[4] J.-L. Journe, A. Sofi^er, and C. D. Sogge. Lp estimates for time-dependent Schrodinger 

operators. Bull. Amer. Math. Soc. (N.S.), 23(2):519-524, 1990. 

[5] Markus Keel and Terence Tao. Endpoint Strichartz estimates. Amer. J. Math., 120(5):955-980, 
1998. 

[6] A. Kirr, E.; Zarnescu. Asymptotic stability of large solitons in 3d and higher dimensions. In 
preparation, 2009. 

[7] E. Kirr and O. Mizrak. Asymptotic stability of ground states in 3d nonlinear schrodinger equation 
including subcritical cases, submitted to J. Funct. Anal., 2008. 



39 



[8] E. Kirr and M. I. Weinstcin. Mctastablo states in parametrically excited multimode Hamiltonian 
systems. Commun. Math. Phys., 236(2) :335-372, 2003. 

[9] E. Kirr and M. I. Weinstcin. Diffusion of power in randomly perturbed Hamiltonian partial 

differential equations. Comm. Math. Phys., 255(2):293 328, 2005. 

[10] E. Kirr and A. Zarnescu. On the asymptotic stability of bound states in 2D cubic Schrodinger 
equation. Comm. Math. Phys., 272(2) :443-468, 2007. 

[11] E Kirr and A. Zarnescu. Asymptotic stability of ground states in 2d nonlinear schrodinger equation 
including subcritical cases. J. Differential Equations, 247(3):710-735, 2009. 

[12] Eduard-Wilhelm Kirr. Resonances in Hamiltonian Systems. Ph.d. thesis, University of Michigan, 
2002. 

[13] Minoru Murata. Asymptotic expansions in time for solutions of Schrodinger-type equations. J. 
Fund. Anal, 49(l):10-56, 1982. 

[14] Louis Nirenberg. Topics in nonlinear functional analysis, volume 6 of Courant Lecture Notes in 
Mathematics. New York University Courant Institute of Mathematical Sciences, New York, 2001. 
Chapter 6 by E. Zehnder, Notes by R. A. Artino, Revised reprint of the 1974 original. 

[15] Claude- Alain Fillet and C. Eugene Wayne. Invariant manifolds for a class of dispersive, Hamilto- 
nian, partial differential equations. J. Differential Equations, 141(2):310-326, 1997. 

[16] Igor Rodnianski and Wilhelm Schlag. Time decay for solutions of Schrodinger equations with 
rough and time-dependent potentials. Invent. Math., 155(3) :451-513, 2004. 

[17] Harvey A. Rose and Michael I. Weinstcin. On the bound states of the nonlinear Schrodinger 
equation with a linear potential. Phys. D, 30(1-2) :207-218, 1988. 

[18] W. Schlag. Dispersive estimates for Schrodinger operators in dimension two. Comm. Math. Phys., 
257(1):87-117, 2005. 

[19] A. Soffer and M. I. Weinstein. Multichannel nonlinear scattering for nonintegrable equations. II. 
The case of anisotropic potentials and data. J. Differential Equations, 98(2):376-390, 1992. 

[20] A. Soffer and M. I. Weinstein. Nonautonomous Hamiltonians. J. Statist. Phys., 93(l-2):359-391, 
1998. 



40 



